An array-type universal profile function for powderpattern fitting is described. It is defined as an array of unknown parameters representing the profile heights at discrete angular steps. The unknown parameters are determined during least-squares fitting together with the integrated intensity, the peak position, the peak width and background parameters. The function has been applied to profile fitting in a small 20 range, and has better R factors than the pseudo-Voigt and Pearson VII functions. This new function has some important advantages: it can model any complex profile shape, which would be difficult to describe by a smoothly varying analyticaltype function; it generally gives a better fit and thus more precise and accurate analysis than currently used analytical-type functions; and it can be applied to the data of all radiation sources including conventional X-rays, synchrotron radiation and time-offlight and fixed-wavelength neutrons without changing the mathematical form. The optimized use of the function and the accuracy of deduced parameters are also discussed.
Introduction
The procedure of powder-pattern fitting, developed since the advent of the Rietveld method (Rietveld, 1969) , has been established as a modern and powerful technique for powder data analysis. The technique is based on the least-squares fitting of a theoretical powder diffraction pattern to the observed pattern. The profile function used to model the diffraction profile is, therefore, of fundamental importance in obtaining the best fit and thus a more precise and accurate analysis. The Gaussian function was first adopted as the profile function for fixedwavelength neutron powder diffraction (Rietveld, 1969) , and is still widely used. The combination of two Gaussian functions and an exponential function and more sophisticated functions are used to represent the asymmetric profile shape in time-of-flight * Permanent address: Ceramic Engineering Research Laboratory, Nagoya Institute of Technology, Asahigaoka, Tajimi 507, Japan. 0021-8898/90/060485-07503.00 neutron diffraction (Albinati & Willis, 1982) . Powder diffraction patterns produced by conventional X-ray tube focusing have complex profile shapes arising from the Ka doublet and the geometrical factors which cause peak asymmetry and long tails. Various types of profile functions were developed and have been tested (see for example the review by Young & Wiles, 1982) . Currently, the Pearson VII (Hall, Veeraraghavan, Rubin & Winchell, 1977) , the Voigt (Langford, 1978) and the pseudo-Voigt functions (Wertheim, Butler, West & Buchanan, 1974) are known to give excellent results not only for conventional X-ray data but also synchroton-radiation and neutron data.
The profile functions widely used so far are mainly those classified as the analytical type. The diffraction profile, in particular in the case of X-rays with higher-resolution diffractometers compared to neutron diffraction, is sensitive to the instrumental and specimen factors in individual experiments. Thus, flexibility in shaping the diffraction profile is required for the profile function, and this is the main reason why the Pearson VII and the pseudo-Voigt functions are widely used. However, analytical functions with smoothly varying profiles cannot describe subtle variations such as the toe or foothill of a profile, and it is also difficult to obtain a satisfactory overall fit for the sharp profiles found in synchrotron-radiation data.
For example, a difference of 10% is not uncommon in the refined full-width-at-half-maximum (FWHM) parameters when the different types of analytical functions are used. The same situation occurs in the refined integrated intensity parameters, which are largely affected by the shape of the tails of the profile functions.
Several profile functions classified as being nonanalytical have been developed. One is the use of Fourier series for describing the profile shape (Gangulee, 1970; Mortier & Costenoble, 1973) . Another is the learned-type function proposed for the single-crystal work, in which the profiles are modified during the successive fittings along the reciprocal lattice row lines (Diamond, 1969; Clegg, 1981) . The third is to use the observed profile as a standard and to extrapolate the profile shape to the whole 20 range (Hepp & Baerlocher, 1988) . These functions, generally given in tabular form, can reproduce accurately the powder pattern used for learning the profile. However, they require single resolved peaks to start the learning and extrapolation to regions with unresolved peaks (Young & Wiles, 1982) .
The present function is different from these two types of functions. It consists of a set of discrete parameters for representing profile heights but its profile shape can be fitted by least squares as in the case of the analytical-type functions. It outlines the shape of the observed profile exactly, as if we drew a curve to fit the experimental points (spline), and thus a perfect overall fit is obtained. In the present study, the function has been applied to the profile fitting in a small 20 range.
Theory

Profile function
A set of n discrete values yj defines the profile
where yj is the profile height at the jth point on the abscissa x(xj). The function p(x) can assume any shape. The yj's are unknown parameters, and their magnitudes can be determined by least-squares fitting ofp(x) to the observed pattern. The function (1) having the form of an array will be called the array-type profile function (hereafter abbreviated to the APF). In calculating the functional value of p(x)
at an arbitrary x, only neighbouring yfs around the x are involved. In the present study, the Lagrange four-point interpolation formula for unequally spaced points (Stiefel, 1963) was used to calculate the value of p(x), which is given by where X corresponds to 20, T to the peak position and W ~le to the full width at half maximum (FWHM). However, W s~al~ is not a real FWHM, but a scaling factor. W ~aa~, whose initial value is equal to 1, acts to sharpen or broaden P(X) in the same manner as the FWHM of an analytical-type function.
Fitting function in a small 20 range
The fitting function is defined as
k where B(X) is the background intensity, Ik is the integrated intensity of the kth reflection, and Y-k is taken over k, for which P(X)k has a finite value at X. Linear interpolation can be used to represent the background intensity in a small 20 range, and is given by
where bo and bl are the adjustable parameters. In the case of tube-generated X-rays, there are two ways to model the Kal-Ka2 doublet. One is to model the composite of Kal and Ka2 peaks as a single profile shape (see Fig. 4b ). The Other is to superimpose the two profiles by P(X) = (1/1 + LOP(X).,
where P(X),, and P(X),~ 2 are P(X) for Kal and Ka2, respectively, E is an integrated intensity ratio of Ka2 to Kal, and 6 is the separation of two peak positions calculated from their wavelengths. The same shape is assumed for P(X),, and P(X),, 2 although this is not strictly correct.
Least-squares fitting
The parameters Ik and W~, ~le are to be refined as
(3) the least-squares parameters. However, these parameters vary in the same direction as yfs, and induce parameter interactions with them when all n yj parameters are varied together. Thus two points of yj, for example the two points on both sides of a peak near the half-maximum height, are fixed and Ik, W~¢ cale and (n -2)yj parameters can be refined in the least-squares refinement, keeping the same n degrees of freedom. Table 1 gives a list of the least-squares (5) parameters. Figure no. 1, 2 3, 4 5, 6 * Source: tube-generated X-ray data (a = 1.540562 A for Cu Ka~ and 1 (1990) . B, C: Toraya (1986) .
• 544390 A for Cu Ka2). A: Toraya, Masciocchi & Parrish ~-The number of yj varied in the least-squares calculations is in parentheses. The KarKa2 doublet is modelled by (8). § The doublet is modelled as one profile.
The following function is minimized in the leastsquares calculations: goodness-of-fit index are defined as:
where M is the number of varied parameters.
After the least-squares cycles, the peak-maximum position T~k ax is calculated by T~ 'ax= Tk + Xmax, the FWHM Wk by Wk = W~k tale (Xh-Xl), and the peak asymmetry parameter Ak by Ak = (Xmax-X3/(Xh-Xmax), where Xmax, x~ and xh are the x coordinates of the point at the peak maximum of P(X) and the points on the low-and high-angle sides of the peak at half-maximum height, respectively.
The procedure for profile fitting in a small 20 range was written in Fortran77 using many parts converted from the computer program PRO-FIT for individual profile fitting (Toraya, 1986) .
Application of the APF to profile fitting in a small
20 range
Comparison with analytical functions
The APF was tested with various types of profile data collected with the conventional X-ray focusing and synchrotron-radiation parallel-beam geometries. The experimental and analysis conditions of selected examples (A to C) are given in Table 2 . In the present calculations of the APF, the interval between two adjacent xj points was set as a multiple of the smallest Ax,
Wide steps (mj = 3 to 4) were used in the tails and narrow steps (mj = 1) were used in peak regions. The tails of the APF were truncated when the value of yj became insignificantly small.
For comparison the data were also analysed with two split-type analytical functions, the pseudo-Voigt and the Pearson VII functions. The split-type pseudo-Voigt function P(X)p_v has the following form in the range x -< 0:
where rll and rb are the so-called rl parameters at the low-and high-angle sides, respectively, representing a mixture of Lorentzian and Gaussian components, and P(X)p_v in the range x> 0 is obtained by exchanging ~Tt with r/h, r/h with rh, A with l lA and 1/A with A in (14). The split-type Pearson VII function P(X)r7 in the range x _< 0 is given by rh/R, 1"36 (7) 1"27 (5) nh/Rn 0"41 (7) 0-80 (7) Rp (%) 1.5 4.0 5.7 Rwp (%) 2.9 6.9 6.6 X 2 2.2 10.6 9-7 where RI and Rh are the decay rates of profile intensity at the low-and high-angle sides, respectively, and P(X)p 7 in the range x > 0 is given by exchanging R/with Rh, Rh with Rt, A with 1/A and 1/A with A in (15) (Toraya, 1986) . The tails of P(X)p_v and P(X)F7 were truncated when the profile intensity became less than 1 counts s-1
Data set A has three very asymmetric peaks at 13 to 16 ° (20) due to axial divergence. In the profile fitting, they were assumed to have the same profile shape and the Ka 1-Ka2 doublet was modelled by (8).
The results of profile fitting with the three different functions are illustrated in Fig. 1. Fig. 2 shows the APF profile shape and Table 3 gives a comparison of the results using the three functions• In this example, the APF exhibits great flexibility in fitting such an asymmetric shape, giving an almost fiat difference plot (Fig. l a) and much lower Rp and Rwp factors than P(X)p_v and P(X)p 7 (Table 3 ). The very weak reflection at 15.72 ° was also fitted.
The APF gave the highest background level and smallest integrated intensity parameters among the three functions. The average of the observed background counts in the regions far from the Bragg peaks (20 range 13 to 13.2 and 16-0 to 16-2 ° ) was 304. The background level was underestimated and the integrated intensity was overestimated by P(X)p_v and P(X)eT. As will be discussed later ( § 3.2), the estimate of the background level depends on the truncation limits of the profile function. This example shows that the APF with an adequately defined 20 range (Fig. 2) gives a good estimate of the background level and the integrated intensity.
The P(X)p.v underestimated the FWHM and the P(X)e7 overestimated it, giving a 15% difference in the FWHM, while the APF gave an intermediate value (Table 3 ). Owing to the large peak asymmetry, the asymmetry parameter is unusually large for the P(X)e7 and the peak maximum position is shifted by 0.03 ° to the high-angle side compared to the APF. Data set B shows an example of decomposing overlapping reflections (Figs. 3, 4 , Table 4 ). The Kal-Ka2 doublet was modelled by (8) for P(X)p_v and P(X)p7, while two models were assumed for the APF in this example. One is the doublet modelled by Tk 67"6833 (6) 67"6845 (6) 67"6926 (12) 67"6930 (9) 68"0820 (6) 68"0838 (6) 68"0907 (12) 68"0914 (8) 68"2546 (9) 68"2564 (9) 68"2646 (13) 68"2655 (9) W 0"120 (1) 0"120 (1) 0"114 (1) A 1.11 1.50 (7) 1.56 (5) ~7,/Rj tThe doublet is modelled as one profile.
(8) (Fig. 4a) , and the other is the composite of Kal and Ka2 peaks modelled as one profile shape (Fig.   4b ). The latter model demonstrates that the APF can assume any complex shape. The slightly higher angles (0-001 to 0-002 °) of the peak maximum positions determined by the latter model compared to those obtained by the former is caused by the overlapping of Ka~-Ka2 peaks. In profile fittings with P(X)p_v and P(X)m, overestimating the peak asymmetry resulted in a peak shift to the high-angle side, although the peak separations are practically the same for the three functions.
Optimized use of the APF
The determining factors for the properties of the APF are the interval dx and the number of yj points, n. Their influences on the analysed results were examined by using a single peak (data set C) and the APF with equal spacing [mj = 1 for all j in (13)]. Fig. 5 shows the variations of Rp, Rwp, bo and I as a function of M = WJdx, where Wc is the FWHM of the reflection in data set C (0.102°), Ax = (xn -Xl)/(n-1), and x,-x~ was kept constant. As indicated by the variations of Rp and Rwp, the degree of approximation by the APF becomes increasingly worse (i.e. larger) when M becomes less than 3 (usually only one or two y; points above the halfmaximum height). In addition, this is accompanied by a large deviation of the integrated intensity from the convergence value. Using a Ax value which is less than the step interval of Y(X3obs, the APF causes instability in the refinement by an amount depending on the individual experimental and analysis conditions. Thus an important criterion for choosing the smallest interval of Ax is that Y(Xi)ob s <_ Ax <_ FWHM/3. On the other hand, the background level varies little with M in Fig. 5 , indicating that wider steps can be used as in Figs. 2 and 4 .
The truncation of the profile function in the tails raises the calculated background level and decreases the integrated intensity, and more complex interactions occur among the parameters when the peaks overlap (Toraya, 1985) . Thus, to suppress the rise of the calculated background level is of primary importance in reducing truncation errors. Fig. 6 shows the variation of the refined background parameter bo as a function of 28 range defined as (n-1)Ax (Ax = 0.02 ° ) for the three functions. The average of observed background counts at the opposite ends of data set C (20 range = 35.5-35.6 ° and 37.4-37.5 °) was 484 and the reflection has long tails. The bo value obtained from the APF follows an asymptotic approach to the line of average background count, while the bo's from the two analytical-type functions cross the line. The trend of underestimating the background level in the cases of P(X)p_v and P(X)m with increasing 20 range arises from the tails not converging to zero in a finite range, while the tails of the APF vanish exactly in the background region.
The large deviation of b0 in the case of P(X)p_v is due to the long Lorentzian tails.
Discussion
As has been shown in Fig. 4(b) , the APF can assume any complex shape. Thus it can be applied to the data of all radiation sources from conventional X-ray, synchrotron-radiation, time-of-flight neutron, to fixed-wavelength neutron without changing its mathematical form. The APF exactly describes the shape including even the toe of the profile, which has been hard to fit exactly by a smoothly varying analytical-type function. Thus it gives a better fit and, accordingly, more precise and accurate analysis. The exact description of the tails by the APF (Fig. 6 ) suggests its use in the analysis of thermal diffuse scattering. The APF can also be used as the instrumental function, which requires the exact description of the subtle change in the profile, in particular in the case of X-rays.
Profile fitting with the APF requires a larger number of least-squares parameters than with analytical-type functions. The hypothesis that the APF gives a more precise result than the pseudo-Voigt or Pearson VII functions was checked with Hamilton's significance test (Hamilton, 1965) , which has been applied to the R factors in Tables 3 and 4 . The R-factor ratios were all above the significance points at the level of 0.005 for data sets A and B (significance point = 1.289, number of degrees of freedom = 53 and dimension of hypothesis = 12 for data set A and 1.151, 122 and 18 for B). These test results are in accordance with the X 2 goodness-of-fit indices (Tables 3 and 4) , showing that the hypothesis is generally valid except for a simple profile shape.
The APF has recently been extended to the whole powder-pattern decomposition method (Pawley, 1981; Toraya, 1986) . W s~le in (5) was replaced with the formula of Caglioti, Paoletti & Ricci (1958) for the FWHM, and parameters for peak positions (Tk) were constrained by unit-cell parameters. In extending the APF to the whole pattern, only three parameters (U, V and W in that formula) were added to the table of least-squares parameters, while all Tj parameters were replaced with six unit-cell parameters. Tests of the APF gave better R factors than those by P(X)p_v and P(X)m even in the case of the simple profile shape of synchrotron-radiation data . The author is indebted to Dr W. Parrish for helpful discussions and reviewing the manuscript.
